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Abstract
For an integer n>3, the crown S0n is dened to be the graph with vertex set fx0; x1; : : : ; xn−1;
y0; y1; : : : ; yn−1g and edge set fxiyj: 06i; j6n−1; i 6= jg. In this paper we give some sucient
conditions for the edge decomposition of the crown into isomorphic cycles. c© 2000 Elsevier
Science B.V. All rights reserved.
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1. Introduction
The edge decomposition is one of the most important topics in the study of graph
theory. There are many types of edge decompositions, such as clique decomposition,
star decomposition, path decomposition, cycle decomposition, cube decomposition and
complete bipartite decomposition. The interested readers are referred to the work of
Bosak [1], for an extensive study in these subjects. In this paper we consider the iso-
morphic cycle decomposition of the crown. The crown is dened as follows. For an
integer n>3, the crown S0n is the graph with vertex set fx0; x1; : : : ; xn−1; y0; y1; : : : ; yn−1g
and edge set fxiyj: 06i; j6n − 1; i 6= jg. Hereafter fx0; x1; : : : ; xn−1; y0; y1; : : : ; yn−1g
always means the vertex set of S0n dened here. The problem of isomorphic cycle de-
composition of complete bipartite graphs was completely solved by Sotteau [6]. The
problem of isomorphic cycle decomposition of complete graphs has been widely stud-
ied; see [4] for a survey. The crown has been investigated for the star decomposition
[5], path decomposition [5], and complete bipartite decomposition [3].
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2. Main results
Suppose that G and H are graphs, and the edges of G can be decomposed into
subgraphs which are isomorphic to H . Then we say that G has an H -decomposition.
For t>3, the t-cycle Ct is the graph with vertex set fa1; a2; : : : ; atg and edge set
fa1a2; a2a3; : : : ; at−1at; ata1g. The t-cycle is denoted by (a1a2    at). We consider only
C2k -decompositions of crowns because crowns (being bipartite) possess no odd cycles.
In this paper we prove the following results.
Theorem A. Suppose that n>5, k>2 are integers such that 2kjn − 1. Then S0n has
a C2k -decomposition.
Theorem B. Suppose that n is odd; and k>3 is an integer such that kjn. Then S0n
has a C2k -decomposition.
The following criterion for the cycle decomposition of the complete bipartite graph
is needed for our discussions.
Proposition 1 (Sotteau [6]). Km;n has a C2k -decomposition if and only if m; n are even;
m>k, n>k and 2kjmn.
We rst prove Theorem A. Let us begin with Lemmas 2 and 3.
Lemma 2. S02k+1 has a C2k -decomposition for all k>2.
Proof. In the crown S02k+1, the label of the edge xiyj (06i; j62k; i 6= j) is de-
ned to be j − i if i< j, and 2k + 1 + j − i if i> j. Suppose C is the cycle
(xi1yi2xi3yi4    xi2k−1yi2k ) in S02k+1, and  is an integer with 0662k. We use C+ to
denote the cycle (xi1+yi2+xi3+yi4+    xi2k−1+yi2k+), where the subscripts are taken
modulo 2k + 1.
To show the lemma we distinguish two cases.
Case 1: k = 2q is even.
Let C be the 4q-cycle
CON
06i6q−1
(x2q−1−iy2q+i); CON
06i6q−1
(xq−1−iy3q+1+i);
where the semicolon and CON06i6q−1 type notations indicate concatenation of vertices;
thus, C=(x2q−1y2qx2q−2y2q+1    xq+1y3q−2xqy3q−1xq−1y3q+1xq−2y3q+2    x1y4q−1x0y4q).
One sees that C consists of edges with labels 1; 2; 3; : : : ; 2q − 3; 2q − 2; 2q − 1, 2q;
2q + 2; 2q + 3; 2q + 4; : : : ; 4q − 2; 4q − 1; 4q and 2q + 1 consecutively. Thus, S04q+1 is
decomposed into the following 4q-cycles; C +  ( = 0; 1; 2; : : : ; 4q).
Case 2: k = 2q+ 1 is odd.
Subcase 2.a: q= 1.
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Let C be the 6-cycle (x2y4x1y5x0y1) in S07 . One sees that C consists of edges
with labels 2,3,4,5,1 and 6 consecutively. Thus, S07 is decomposed into the following
6-cycles: C +  ( = 0; 1; : : : ; 6).
Subcase 2.b: q>2.
Let C be the (4q+ 2)-cycle
CON
06i6q
(x2q−iy2q+2+i); CON
06i6q−2
(xq−1−iy3q+4+i); x0y1:
One sees that C consists of edges with labels 2; 3; 4; : : : ; 2q+1; 2q+2; 2q+3; 2q+5; 2q+
6; 2q+ 7; : : : ; 4q; 4q+ 1; 4q+ 2; 1 and 2q+ 4 consecutively. Thus S04q+3 is decomposed
into the following (4q+ 2)-cycles: C +  ( = 0; 1; 2; : : : ; 4q+ 2).
Lemma 3. Suppose that u; v are integers such that u; v>2. Then S0u+v+1 can be
decomposed into subgraphs G1; G2; G3; G4 such that G1 = S0u+1, G2 = S0v+1; and
G3 = G4 = Ku;v.
Proof. Let A1 = fxi: 06i6u− 1g, B1 = fyi: 06i6u− 1g, C1 = fxi: u+16i6u+ vg,
D1=fyi: u+16i6u+vg, A=A1[fxug, B=B1[fyug, C=C1[fxug and D=D1[fyug.
And let G1, G2, G3 and G4 be the subgraphs of S0u+v+1 induced by A[B, C[D, A1[D1
and C1 [ B1, respectively. We see that S0u+v+1 is decomposed into G1, G2, G3 and G4
such that G1 = S0u+1, G2 = S0v+1, G3 = G4 = Ku;v.
Proof of Theorem A. Let n = 2kq + 1 where k>2, q>1. We need to show that
S02kq+1 has a C2k -decomposition. We prove the result by induction on q. By Lemma 2,
the case q = 1 is true. Let q>2 and suppose the result holds for values smaller than
q. By Lemma 3, S02kq+1 can be decomposed into subgraphs G1, G2, G3, G4 where
G1 = S02k+1, G2 = S02k(q−1)+1 and G3 = G4 = K2k;2k(q−1). By the induction hypothesis,
both G1 and G2 have a C2k -decomposition. And by Proposition 1, both G3 and G4
have a C2k -decomposition. Thus S02kq+1 has a C2k -decomposition.
We next prove Theorem B. Let us begin with Lemma 4.
Lemma 4. Suppose that k>3 is odd. Then both S0k and S
0
3k have a C2k -decomposition.
Proof. Let k = 2q + 1 where q>1. We decompose S0k rst. Dene q 2k-cycles as
follows: for  = 1; 2; : : : ; q, let C() be the cycle CON06i62q (xiy2+i). Obviously S0k
is decomposed into 2k-cycles: C(1);C(2); : : : ;C(q).
Consider now the decomposition of S03k . Let G = S
0
3k . We rename the vertices as
follows. For 16i63, 06j62q, let
x(i)j = x(i−1)(2q+1)+j; y
(i)
j = y(i−1)(2q+1)+j:
For i = 1; 2; 3, let
Vi = fx(i)0 ; x(i)1 ; : : : ; x(i)2q ; y(i)0 ; y(i)1 ; : : : ; y(i)2qg:
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It is easy to see that the induced subgraphs G[V1], G[V2], G[V3] are all isomorphic to
S02q+1, which has a C4q+2-decomposition as proved in the rst paragraph of the proof.
Let H be the graph G − E(G[V1] [ G[V2] [ G[V3]). Now consider the decomposition
of H . For a cycle
C = (x(i1)j1 y
(i2)
j2 x
(i3)
j3 y
(i4)
j4    x
(i2k−1)
j2k−1 y
(i2k )
j2k ) in H
and a nonnegative integer , we use C +  to denote the cycle
(x(i1)j1+y
(i2)
j2+x
(i3)
j3+y
(i4)
j4+    x
(i2k−1)
j2k−1+y
(i2k )
j2k+);
where the subscripts are taken modulo 2q+1. We refer to the edge x(i)j y
(i0)
j0 (16i; i
063,
i 6= i0, 06j; j062q) as an (i; i0)- j edge where j=j0−j if j0>j, and j=(2q+1)+j0−j
if j0<j. For example, the edge x(3)2 y
(1)
6 is a (3,1)-4 edge, and the edge x
(1)
6 y
(2)
2 is a
(1,2)-(2q − 3) edge. Each edge in H is of label (i; i0)- j where 16i; i063, i 6= i0, and
06 j62q. There are 2q + 1 edges of the same label. Dene three (4q + 2)-cycles in
H as follows. Let
C(1) be the cycle CON
16i6q
(x(2)q−2+iy
(1)
q−i); x
(3)
q−1; CON16i6q
(y(2)q−2+ix
(1)
q−i);y
(3)
q−1;
C(2) be the cycle CON
16i6q
(x(3)q−2+iy
(1)
−i ); x
(2)
q ; CON
16i6q
(y(3)q−2+ix
(1)
−i );y
(2)
q ;
C(3) be the cycle CON
16i6q
(x(3)i−1y
(2)
−i ); x
(1)
q+3; CON16i6q
(y(3)i−1x
(2)
−i );y
(1)
q+3;
where the subscripts are taken modulo 2q+1. It is left to the readers to check whether
the edges of C(1), C(2) and C(3) have all labels. Thus H is decomposed into the
following (4q + 2)-cycles: C(1) + , C(2) + , C(3) +  ( = 0; 1; 2; : : : ; 2q). This
completes the proof.
Proof of Theorem B. Let n= tk where t; k are odd and k>3. We need to show that
S0tk has a C2k -decomposition. We prove the result by induction on t. By Lemma 4,
the result is true for t = 1; 3. Let t>5 be odd, and suppose the result holds when
t is replaced by t − 2. By Lemma 3, S0tk is decomposed into subgraphs G1, G2, G3,
G4 such that G1 = S0(t−2)k , G2 = S02k+1, G3 = G4 = K(t−2)k−1;2k . Since t>5 is odd,
by the induction hypothesis, G1 has a C2k -decomposition. By Lemma 2, G2 has a
C2k -decomposition. By Proposition 1, both G3 and G4 have a C2k -decomposition. Thus
S0tk has a C2k -decomposition.
Remark 1. One referee gave an alternative proof of Theorem B by using the following
result of Jackson, along with Lemma 6.
Proposition 5 (Jackson [2]). Suppose that n>k>3 are odd integers such that kjn.
Then the complete graph Kn has a Ck -decomposition.
Lemma 6. Suppose that k is an odd integer and that Kn has a Ck -decomposition.
Then S0n has a C2k -decomposition.
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Proof. Let V (Kn)=fa0; a1; a2; : : : ; an−1g. Replace the k-cycle (ai1ai2    aik ) in Kn with
the 2k-cycle (xi1yi2xi3yi4   yik−1xik yi1xi2yi3xi4    xik−1yik ) in S0n .
Remark 2. The obvious necessary conditions for the crown S0n to have a
C2k -decomposition are: (i) n>k, (ii) n is odd, and (iii) 2kjn(n − 1). It is natural
to ask whether they are sucient.
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